Introduction
Interval-valued fuzzy sets are characterized by an interval-valued membership function [1, 2] , which is an extension of Zadeh's fuzzy set [3] . Interval-valued fuzzy sets permit additional degrees of freedom to represent the uncertainty and fuzziness of the real world [4] . Interval-valued fuzzy sets have been proven to be highly useful in capturing imprecise or uncertain decision information compared to ordinary fuzzy sets in fields that deal with multiple-attribute decision making problems [5] [6] [7] [8] [9] .
C h e n [10] put forth the concept of a generalized trapezoidal fuzzy number and proposed the ranking method.The difference between traditional fuzzy numbers and generalized fuzzy numbers is that the height of a traditional fuzzy number is equal to unity,whereas the height of a generalized fuzzy number is between zero and one [11] . In the work herein presented, generalized fuzzy numbers are extended to Generalized Interval-valued Trapezoidal Fuzzy Numbers (GITFNs). GITFNs are the more general form of fuzzy numbers which cannot only deal with vague information, but also express more abundant and flexible information than other fuzzy numbers. Additionally, GITFNs were used to propound a group decisionmaking method for handling fuzzy multi-criteria decision analysis problems.
However, most multiple-attribute decision making methods focus on these problems at the same period.When the decision making information is collected at different periods, all the exact methods are unsuitable for dealing with such situations. Therefore, it is necessary to pay attention to solve these problems. Recently, the research on dynamic multi-attribute decision making problems has received some attention. X u [12] developed a dynamic weighted averaging operator with exact numerical values or interval values for dynamic multi-attribute decision making problems, and some derivation techniques, such as arithmetic series, geometric series, and normal distribution were proposed to elicit the weights in it. X u and Y a g e r [13] have investigated dynamic multi-attribute decision making problems, where the decision information takes the form of intuitionistic fuzzy information or interval-valued intuitionistic fuzzy information. W e i [14] further developed the dynamic intuitionistic fuzzy weighted geometric operator and uncertain dynamic intuitionistic fuzzy weighted geometric operator to solve dynamic multi-attribute decision making problems. W e i [15] proposed a grey relational analysis model for dynamic hybrid multiple attribute group decision making. S u et al. [16] proposed an internative method to solve the dynamic intuitionistic fuzzy multi-attribute group decision making problems. Thus, it is necessary to develop some new approaches to deal with these issues. In this paper an adaptive dynamic multi-attribute group decision making approach with GITFNs is proposed and a new approach based on the probability density function of Gamma distribution is developed to derive the periods weights.
The remainder of this paper is organized as follows: in Section 2 the contents related to GITFNs are described; in Section 3 three aggregation operators are briefly reviewed, the concepts of argument variable and Dynamic Generalized Interval-valued Trapezoidal Fuzzy Numbers Weights Geometric Aggregation (DGITFNWGA) operator are defined, and then a method based on Gamma distribution is developed to derive the weights of periods. Section 4 proposes a technique characterized by GITFNHGA and DGITFNWGA operators for dynamic multi-attribute group decision making problems; in Section 5 an illustrative example is presented. The paper is concluded in Section 6.
Preliminaries
In this section,we briefly review the contents of the GITFNs.
Definition 1 [17, 18] . Let A be a GITFN defined in the universe of discourse X: 
are two generalized interval-valued trapezoidal fuzzy numbers, where: , 1 0
and .
U L B B ⊂
Then the operational rules are as follows in next Definition 2 [19] . The operational rules of generalized interval-valued trapezoidal fuzzy numbers:
(1) addition operation 
be three generalized interval-valued trapezoidal fuzzy numbers, then the distance of two generalized interval-valued trapezoidal fuzzy numbers is defined as follows:
Here if A and B are the normalized generalized interval-valued trapezoidal fuzzy numbers, then ) ,
satisfies the following properties: [20] . Let A and B be two normalized generalized interval-valued trapezoidal fuzzy numbers,
is the positive ideal value. According to the principle of "closer is better", the ranking of A and B are defined by the distances ) 1 , ( A d and : 
Dynamic generalized interval-valued trapezoidal fuzzy numbers weighted geometric aggregation operator
is the weight vector associated with GITFNOWGA and , 0 ≥ 
K It is clear that GITFNHGA operator generalizes the GITFNOWGA and GITFNWGA operators and can reflect the importance of both the given argument and the order position of the argument.
Information aggregation is a necessary step in the process of dynamic multiattribute decision making, the input arguments collected from different periods and the time series weights should be considered. So we introduce a dynamic generalized interval-valued trapezoidal fuzzy numbers weighted geometric aggregation operator in Definition 8. 
is called a dynamic generalized interval-valued trapezoidal fuzzy numbers weighted geometric aggregation operator, where (15) . In probability theory and statistics, Gamma distribution is one of the best known and widely used two-parameters family of continuous probability distributions. It has a shape parameter α and a scale parameter .
β If α is an integer, then the distribution represents Erlang distribution (the sum of α independent exponentially distributed random variables, each of them has a mean of β ). The Gamma distribution is frequently a probability model for waiting times.
For instance, in life testing, the waiting time until death is a random variable that is frequently modeled by Gamma distribution. The Gamma distribution has also been used to model the size of insurance claims and rainfalls [21] . In neuroscience, the Gamma distribution is often used to describe the distribution of inter-spike intervals [22] . The probability density function of Gamma distribution is given by In order to understand more about the probability density function of Gamma distribution, we need to investigate its characteristics.
By taking the first derivative of (16) (
is a strictly monotonic decreasing function.
(2) If , 1 = α the Gamma distribution is reduced to exponential distribution, ) (x f is also a strictly monotonic decreasing function. X u [13] has proposed the exponential distribution based method to determine the weights of the periods so that the details about 1 = α are omitted here.
by taking the second derivative of (16) with respect to x we can obtain (18) ,
has the maximum value when , 1) (
is a strictly monotonic increasing function;
is a strictly monotonic decreasing function. Therefore, for 1 = α the Gamma distribution is reduced to exponential. For 1 > α the density functions represent positively skewed curves which start at the origin and which tend to normal distribution as α tends to infinity. For 1 < < 0 α the axes are asymptotes to the density curves.
The general characteristics of Gamma distribution are more suitable than other probability distributions in generating the weight vector . ) (t η By utilizing the probability density function of the Gamma distribution, (16) can be rewritten as follows: (19) . 0 > , and , 2, 1,
By Equations (15) and (19) we have (20) . 0 > , and , 2, 1, 
is a strictly monotonic decreasing sequence. The distribution of the time series weights can be generated using (20) If we use the inverse form of Gamma distribution to determine the weight vector, then the following equation is defined: (21) . (15) and (21) 
then we discuss the following two cases: 
is a strictly monotonic increasing sequence.
The distribution of the time series weights can be generated using (22) in the case of p = 10 and is plotted in Fig. 3 For convenience in practical applications we take some special values of α and , β then utilize (20) and (22) to determe the weight vectors associated with the DGITFNWGA operator (Table 1) . Table 1 . The weight vector η(t) with β = 1, 2, …, 9 and α = 2, p = 2, 
and . (Table 2) . Table 2 . A 9-members linguistic term set [19] Linguistic terms Generalized interval-valued trapezoidal fuzzy numbers Absolutely-high [(1.00, 1.00, 1.00, 1.00; 0.8), (1.00, 1.00, 1.00, 1.00; 1.0)] Based on the above decision information, we develop a practical method to solve the dynamic multi-attribute group decision making problems. The method involves five steps.
Step 
An illustrative example
Suppose that an investment company wants to invest a sum of money in the best option (adapted from [24] In the following five steps we utilize the approach developed to get the desirable alternative(s).
Conclusion
In this paper we have studied the dynamic multi-attribute group decision making problems, in which the attribute values take the form of generalized interval-valued trapezoidal fuzzy numbers. A new operator, called DGITFNWGA operator is introduced, and an approach to determine the time series weights based on the wellknown Gamma distribution has been developed. Then we have utilized the GITFNHGA operator, GITFNWGA operator and DGITFNWGA operator to formulate a method and applied it to a dynamic investment decision making example. The application to dynamic investment decision making indicates that the approach presented is able to efficiently handle uncertainty and support dynamic decision making. Furthermore, the proposed method given in this paper should be tested and extended to other domains, in order to develop our understanding and improve the dynamic multi-attribute group decision making approach.
